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Abstract 
Jacobson, MS. and K. Peters, A note on graphs which have upper irredundance equal to independence, 
Discrete Applied Mathematics 44 (1993) 91-97. 
In this paper we consider the following graph parameters: IR(G), the upper irredundance number, 
r(c), the upper domination number andP(G), the independence number. It is well known that for any 
graph G, 
We introduce the concept of a graph G being irredundant perfect if IR(fl=p(fl for all induced 
subgraphs H of G. In this paper we characterize irredundant perfect graphs. This enables us to show 
that several classes of graphs are irredundant perfect, classes which include strongly perfect, bipartite 
and circular arc graphs. 
Introduction 
Let G = (V,E) be a finite graph with no loops or multiple edges. A subset of ver- 
tices S is independent if any two vertices in S are pairwise nonadjacent in G. The 
cardinality of the largest independent set in G, denoted P(G), is the independence 
number of G. 
A set D c V(G) is a dominating set if every o E V-D is adjacent to at least one 
vertex of D. The upper domination number of G, denoted T(G), is the cardinality 
of a largest minimal dominating set of G. 
Finally, a set IL V(G) is h-redundant if for all XEZ, x is either isolated in (I) or 
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Fig. 1. The graph GI of Theorem B. 
there exist y E V-I adjacent only to x in I. For convenience, we refer to y as a 
private neighbor of x. The upper irredundance number of G, denoted IR(G), is the 
cardinality of the largest irredundant set in G. Also, if p is any one of the parameters 
p, Z, or IR, then S is called ap-set if S has the desired property and has cardinality 
P(G). 
The modern study of domination in graphs was begun by Ore [ 131 and Berge [l]. 
In recent years, domination theory has been extensively studied, one reason being 
that there are many real world applications (c.f. Berge [l], Liu [I 11). Irredundant 
sets in graphs were first studied by Cockayne, Hedetniemi and Miller [7]. 
The three parameters defined above, are related by the following inequalities. 
Theorem A (Cockayne and Hedetniemi). For any graph G, 
P(G)<Z(G)sIR(G). 
In this paper, we are interested in classes of graphs for which these parameters 
are equal. Some resuhs in this direction are already known. In [6], Cockayne, 
Favaron, Payan, and Thomason give some sufficient conditions for equality of the 
upper domination and upper irredundance numbers. Among their results is the 
following. 
Theorem B (Cockayne, Favaron, Payan, and Thomason [6]). Zf G contains no 
subgraph isomorphic to the graph G, (of Fig. l), where the dotted edges of G, are 
the only extra edges allowed, then IR(G) =Z(G). 
Fig. 2. The graph Gz, 
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Jacobson and Peters [9] have also given two results which guarantee equality of 
all three parameters. The first result pertains to chordal graphs. A graph G is chor- 
dal if any cycle of G (of length four or more) contains a chord, i.e., an edge joining 
two nonconsecutive vertices of the cycle. It is shown that if G is a chordal graph, 
then P(G)=T(G)= IR(G). Also, they show for any graph G that does not contain 
either K,,,, C, or the graph G2 of Fig. 2 as induced subgraphs, P(G) =T(G) = 
IR(G). 
Another result in this area deals with upper bound graphs, first defined by 
McMorris and Zaslavsky [12]. If (P, 5) is a partially ordered set (poset), then the 
upper bound graph of P, G = (V, E) has V(G) = P and (x, y) E E(G) if and only if 
xfy and there exists ZE P such that x,y~z. Cheston, Hare, Hedetniemi, and 
Laskar [4] show that if G is an upper bound graph, then P(G) =T(G)= IR(G). 
Finally, a recent result by Golumbic and Laskar [8] shows that the same result holds 
for circular arc graphs. Recall that G is a circular arc graph if G can be represented 
as the intersection graph of arcs on a circle. 
In the next section, we define a restricted family of graphs, referred to as Property 
1 graphs, and exhibit some well-known classes of graphs that are contained in this 
family. We show for any Property 1 graph G, the independence number, the upper 
domination number, and the upper irredundance number, for all induced subgraphs 
of G, are all equal. Hence as corollaries, it follows that these parameters are equal 
for classes such as strongly perfect graphs, bipartite graphs, and circular arc graphs, 
to mention just a few. 
Property 1 and irredundant perfect graphs 
Two subsets of vertices X and Y with IX I= ) Y) and Xfl Y=0 independently 
match each other if there is a one-to-one onto functionf: X--t Y such that f(xi) = y; 
if and only if (xi, y;)eE(G). In other words, the vertices of X can be labelled 
1 x1,x,, a’., xk} and the vertices of Y can be labelled { y,, y,, . . . , yk} such that the only 
edges between X and Y are edges of the form (xi, yi) for i = 1,2, . . . , k. There are no 
restrictions on the edges of (X) or (Y). We note that an independent set of vertices 
from two sets of order k that independently match each other can have order at most 
k (because at most one vertex can be included from each edge between X and Y). 
We are interested in sets of order k, that independently match, and do contain a 
subset of k independent vertices. This leads us to the following property. 
Property 1. A graph has Property 1 if for any two sets X and Y of order k that in- 
dependently match each other, there is an independent set of vertices of order k con- 
tained in (X U Y >. For convenience, a graph with Property 1 will be referred to as 
a Property I graph. 
We also give the following definition: a graph G is irredundant perfect if 
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IR(H) =/3(H) for all induced subgraphs H of G. Our next result gives a charac- 
terization of irredundant perfect graphs and the relationship to Property 1. 
Theorem 1. A graph G is a Property 1 graph if and only if G is irredundant perfect. 
Proof. ( =) ) Suppose G is a Property 1 graph and let H be an induced subgraph of 
G. Let Z be an IR-set of H and let X be the subset of vertices of Z that are not isolated 
in (I). Note that Z-X is an independent set. If X=0 then the proof is complete 
since /3(H)? IR(H). If X#0 then for each XEX, let yx be a particular private 
neighbor of x. Let Y= { y,: XEX}. Now X and Y independently match each other 
and since G is a Property 1 graph, (X U Y) has an independent set, say R such that 
lR 1 = IX 1. Since any vertex in Z-X cannot be adjacent to any vertex in X or in Y, 
{Z-X} U R is the desired independent set with cardinality III = IR(H). Thus 
P(H) = Z(H) = IR(H) and hence G is irredundant perfect. 
( c ) Suppose that for any induced subgraph H of G, p(H) = Z(H) = IR(H). Sup- 
pose X, Y c I’(G) with /X 1 = / Y / = k and Xn Y = 0, independently match each other 
in G. If we let H= (X U Y), then each vertex in X has a private neighbor in Y so 
that IR(H) 2 IX I = k. Then P(H) L k and we see that (X U Y > contains an indepen- 
dent set of size k. Thus G is a Property 1 graph. 0 
Corollary 2. Any graph with maximum degree 2 is irredundant perfect. 
Proof. The result follows from the fact that any two sets with k vertices that in- 
dependently match in a maximum degree 2 graph form either a path, an even cycle, 
or a union of disjoint paths, and even cycles. All possibilities contain an indepen- 
dent set of vertices with order k. Therefore they have Property 1 and hence are ir- 
redundant perfect. 0 
Next we would like to investigate a subclass of perfect graphs, namely strongly 
perfect graphs. Let %? be the family of all maximal cliques of G. A subset S c V(G) 
such that 
lSflC\ = 1 for all CE F? 
is called a stable transversal of G. We note that if S is a stable transversal of G, S 
must be an independent set. If G and all its induced subgraphs have a stable 
transversal, then G is strongly perfect. Strongly perfect graphs were first introduced 
by Berge and Duchet [2]. This class of graphs contains many well-studied families 
of graphs. 
Theorem C (Berge and Duchet [2]). Zf G is either a comparability graph, a chordal 
graph, or the complement of a chordal graph, the graph G is strongly perfect. 
Another result concerning strongly perfect graphs deals with perfectly orderable 
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graphs. The perfectly orderable graphs are those graphs whose vertex set admits a 
linear order < such that no induced P4 a, b, c, d has a< b and d<c. 
Theorem D (Chvatal [5]). If G is a perfectly orderable graph, then G is strongly 
perfect. 
This result leads to another class of strongly perfect graphs. A vertex XE V(G) is 
called simplicial in G, if the neighbors of x induce a complete subgraph of G. A 
vertex x E V(G) is called peripheral in G if x is simplicial either in G or in its comple- 
ment G. A graph G is called a peripheral graph if every induced subgraph HC G 
has a peripheral vertex. Peripheral graphs were introduced and have been studied 
by Lehel [lo]. This family contains all chordal graphs and co-chordal graphs (graphs 
whose complements are chordal). 
Theorem E (Lehel [lo]). Peripheral graphs areperfectly orderable and thus strongly 
perfect. 
We note that by using Theorem 1 we can also generalize some results of Cheston 
and Fricke [3]. The proof we give is streamlined from theirs. 
Theorem 3. Suppose G is a strongly petfeet graph, then G is irredundant perfect. 
Proof. Suppose X and Y, each of order k, independently match each other in G, 
a strongly perfect graph. Let H be the subgraph of G induced by X U Y. The 
subgraph H must contain a stable transversal S. Since S is independent, jS / 5 k. But 
since each of the k edges between X and Y are themselves a maximal clique, S must 
meet each of these edges exactly once. Thus IS ) z k and we conclude (S ) = k. 
Therefore G is a Property 1 graph, and hence is irredundant perfect. 0 
We note that the class of strongly perfect graphs also contains permutation 
graphs, cographs, bipartite graphs, and trees. Also Ravindra [14] has shown that 
Meyniel graphs and thus parity graphs are also strongly perfect, and consequently 
irredundant perfect. 
Finally, it is not hard to show that circular arc graphs have Property 1, and again 
by Theorem 1 are irredundant perfect. This is an alternative proof of the one given 
by Golumbic and Laskar 181. We simply state the result as a corollary. 
Corollary 4. If G is a circular arc graph, rhen G is irredundant perfect. 
Conclusion 
It seems that considerable work has been done by various authors, to find graphs 
96 M.S. Jacobson, K. Peters 
Fig. 3. An example of an upper bound graph that is not a Property 1 graph. 
G with /3(G) =T(G) = IR(G). There are still many questions left open. One question 
would be to find other families of graphs that are irredundant perfect. We note that 
if P is an hereditary property and all P-graphs G have P(G) = T(G) = IR(G), then 
the class of P-graphs must all be Property 1 graphs since equality of the three 
parameters would hold for all induced subgraphs. On the other hand, upper bound 
graphs are not hereditary and thus not Property 1 graphs but have equality of the 
three parameters discussed. Figure 3 gives an example of an upper bound graph that 
is not a Property 1 graph. The sets X= (xl,x2,x3} and Y= { yl, yz, ys} independent- 
ly match each other but have no independent set of size 3. Thus we wonder what 
other graphs G have P(G) = T(G) = IR(G) and if others are found, are they irredun- 
dant perfect? 
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